Controlling the balanced gain and loss in a PT -symmetric system is a rather challenging task. Utilizing Floquet theory, we explore the constructive role of periodic modulation in controlling the gain and loss of a PT -symmetric optical coupler. It is found that the gain and loss of the system can be manipulated by applying a periodic modulation. Further, such an original non-Hermitian system can even be modulated into an effective Hermitian system derived by the high-frequency Floquet method. Therefore, compared with other PT symmetry control schemes, our protocol can modulate the unbroken PT -symmetric range to a wider parameter region. Our results provide a promising approach for controlling the gain and loss of a realistic system.
the high-frequency Floquet method to rescale the coupling strength. Therefore, the unbroken PT -symmetric range only can be modulated narrow. Another means of control is to geometrically twist the fiber [31] , which can introduce additional Peierls phases in the coupling constants among the fiber, and thus the transition from unbroken to broken PT -symmetric phases can be conveniently controlled. Although there are several studies on the manipulation of PT -symmetry, how to control the balanced gain and loss is still lacking.
In this paper, we investigate how to control the balanced gain and loss in a PT -symmetric optical coupler by periodically modulating the coupling strength between two waveguides. Using the high-frequency Floquet method, the modulated system is effectively described by an effective averaged system whose gain and loss can be modulated by adjusting the modulation amplitude or frequency. Such an original non-Hermitian system can even be modulated into an effective Hermitian system. The spontaneous PT -symmetry-breaking transition is analytically derived and is well consistent with the numerical simulation. It is revealed that the unbroken PTsymmetric range can be modulated to a wider parameter region.
The structure of this article is as follows. In Section II, we explore the constructive role of periodic modulation in controlling the gain and loss of a PT -symmetric optical coupler. In Section III, we study the Floquet modulation of PT -symmetry and the corresponding dynamics. In Section IV, the possibility of experimentally observing our theoretical predictions is discussed. In the last section, we briefly summarize our results.
II. CONTROL OF THE GAIN AND LOSS
We consider a periodically modulated linear PTsymmetric coupler that is described by the following coupled-mode equation:
Here, c 1 (z) and c 2 (z) are the complex amplitudes and z is the coordinate in the propagation direction. Parameter υ is the interchannel coupling strength, γ is the gain or loss strength, F is the modulation amplitude, and ω is the modulation frequency. Obviously, by defining the parity operator asP , which interchanges the two channels labeled by 1 and 2, and the time-reversal operator asT : i → −i, z → −z, which reverses the propagation direction, the HamiltonianĤ of system (1) is PT symmetric becausePTĤPT =Ĥ. To simplify, below we only consider the case of υ > 0, as the system is invariant under the transformation c 2 → −c 2 , υ → −υ and all the parameters are dimensionless throughout this paper. By making use of the linear combinations ψ 1 = c 1 − c 2 and ψ 2 = c 1 + c 2 , we can rewrite Eq.(1) as
Under the condition γ ≪ max[ω, |F |ω], one can perform high-frequency Floquet analysis. Then, by introducing the transformation
and averaging the high-frequency terms, one can obtain the effectively unmodulated system
with the rescaled gain and loss parameter
Here, J k (F/ω) are ordinary Bessel functions. Therefore, the modulus of γ ef f depends on the values of F/ω, and can change from γ to zero at some specific values of F/ω (such as F/ω ≃ 2.4 and 5.52), as shown in Fig. 1 . When |γ ef f | = 0, the effective system corresponds to a Hermitian system. Surprisingly, in contrast to our conventional understanding, we find that the gain and loss of system can be manipulated by applying a periodic modulation, and even an original non-Hermitian system can be modulated into an effective Hermitian system. As is well known, the change of the gain and loss parameter is connected to the transition from unbroken to broken PT symmetry. Our results imply that the unbroken PTsymmetric range can be modulated wide, which is different from previous results [26] [27] [28] [29] , where the unbroken PT -symmetric range only can be modulated narrow.
III. MANIPULATION OF PT SYMMETRY AND DYNAMICS
By diagonalizing the Hamiltonian for effective model (4), two eigenvalues can be easily determined by
Obviously, dependent on the values of υ/2|γ ef f |, the two eigenvalues can be real or complex. The two eigenvalues are real if υ > 2|γ ef f |, and they become complex if υ < 2|γ ef f |. Therefore, υ = 2|γ ef f | is the critical point for the phase transition between the real and complex spectra in the effective system, which corresponds to original system (2) under high-frequency modulation. The spontaneous PT -symmetry-breaking transition takes place in effective model (4) when the imaginary part |Im(ε)| changes from zero to nonzero. Note that because |γ ef f | can be modulated from γ to 0, the unbroken PT -symmetric range can be modulated wide by tuning the amplitude of periodic modulation for a fixed υ.
To show the parametric dependence of |Imε|, in Figs. 2(a) and 2(b), we show |Im(ε)| as a function of F/ω and γ for both a small coupling strength υ = 0.1 and large coupling strength υ = 1 with ω = 10. First, it is clear that, compared with a PT -symmetric system with no modulation, the region of PT symmetry in our modulated system can obviously be manipulated to be wider by tuning F/ω, which is different to previous results [26, 28, 29] . Second, near a minimum of |γ ef f | such as F/ω ≃ 2.4, despite the size of υ and γ, there always exists a completely real quasienergy spectrum.
According to the Floquet theorem, one can use a numerical method to calculate the Floquet states and their quasienergies for arbitrary modulation amplitude and frequency. The Floquet states of modulated system (1) satisfy c j (z) = e −iεzc j (z) for j = 1, 2, where propagation constant ε is designated as the quasienergy, and complex amplitudesc j (z) are periodic with modulation period T = 2π/ω. The quasienergies and amplitudes of modulated system (1) are then given by
with the Floquet operator
To verify the validity of the above high-frequency Floquet analysis, we compare the numerical quasienergies obtained from original model (1) and analytical formula (6) obtained from effective model (4) . As an example, we show the real parts Re(ε) and imaginary parts Im(ε) of quasienergies ε as a function of γ for different driving amplitudes F = 5, 15, and 24 in Fig. 3 . The other parameters are chosen as υ = 0.1 and ω = 10. Obviously, in the high-frequency regime γ ≪ max[ω, |F |ω] the analytical (solid lines) and numerical (circles) values for the quasienergies ε are in good agreement. This clearly shows that below the critical point (|γ ef f | < υ/2), both the numerical and analytical results confirm the entirely real quasienergy spectrum, and the transition from a completely real quasienergy spectrum (|Im(ε)| = 0) to a complex spectrum (|Im(ε)| = 0) can take place when γ increases. In particular, in contrast to a PT -symmetric system without periodic modulation, the spontaneous PT -symmetry-breaking transition can be manipulated by tuning the modulation parameter. For small F , for example F = 5 in Fig. 3(b) , one clearly sees that there exists a narrow real quasienergy spectrum region, and the spontaneous PT -symmetry-breaking transition takes place at γ . = 0.05. For a bigger F , such as F = 15, the region of the real quasienergy spectrum broadens and the spontaneous PT -symmetry-breaking transition occurs at γ c . = 0.1 (see Fig. 3(d) ). The quasienergy spectrum is always completely real regardless of the size of γ for F = 24, which is equivalent to a Hermitian case, as shown in Fig. 3(f) .
To understand this concept from another angle, we also show the quasienergy dependence on modulation parameter F/ω for different parameters υ in Fig. 4 . The other parameters are chosen as γ = 1 and ω = 10. As shown in Figures 4(a) and 4(b) , for a small coupling strength υ = 0.1, the PT symmetry can spontaneously break when parameter F/ω changes. If the coupling strength is increased to υ = 1, a completely real quasienergy spectrum always appears when modulation parameter F/ω exceeds a critical value. These results show that the region of PT symmetry can be manipulated wider by tuning F/ω in the case of bigger coupling strength for a fixed parameter γ. In the following, through numerical integration, we analyze the light propagation in unbroken and broken PT -symmetric parameter regions. To do this, we define the two intensities in coupled-mode system (1) as I 1 (z) = |c 1 (z)| 2 and I 2 (z) = |c 2 (z)| 2 , the total intensity as I t (z) = I 1 (z) + I 2 (z), and the time-averaged total intensity as I av t (z) = I t (z)dz with T s = 2π/|Re(ε 2 )−Re(ε 1 )| being the two real parts of ε. In Fig.  5 , for υ = 1, γ = 1, and ω = 10, we show the evolution in intensity from initial states c 1 (0) = 1 and c 2 (0) = 0 for F/ω = 1.52 (broken PT -symmetric parameter, see Fig.  2(b) ) and F/ω = 2.0 (unbroken PT -symmetric parameter, see Fig. 2(b) ). We can see that the light propagation sensitively depends upon the PT symmetry. Stationary light propagations of bounded intensity oscillations appear if the PT symmetry of the Hamiltonian is unbroken, where all quasienergies are real (see Fig. 5(b) ). Nonstationary light propagations of unbounded intensity oscillations appear if the PT symmetry of the Hamiltonian is broken, where at least one of the quasienergies is complex (see Fig. 5(a) ). Therefore, the propagation dynamics of our modulated system (1) also can be manipulated by tuning the modulation parameter. 
IV. OPTICAL REALIZATION
Below, we discuss the experimental possibility of observing our theoretical predictions. Recently, several PT -symmetric optical systems were experimentally realized [21, 22, [32] [33] [34] . The complex refractive index of gain or loss effects can be obtained from quantum-well lasers or photorefractive structures through two-wave mixing [35] . Further, periodic modulations can be introduced by out-of-phase harmonic modulations of the real refractive index [36] [37] [38] or periodic curvature along the propagation direction [36, 37, 39, 40] . In our system, the propagation of a light wave along the z axis obeys the wave equation for its dimensionless electric field amplitude φ(x, z):
with refractive index
with the symmetric double-well function V 0 (x) and periodic modulation V 1 (x, z), which periodically changes the distance between two waveguides. The imaginary part
consists of antisymmetric functions, and in order to guarantee the PT -symmetry of our system, we defined f (z) to be a periodic even function. In our numerical simulations, we chose
Here, (ρ, α, β, µ) are four parameters describing the refractive index, and ω x is the waveguide width. Further, f (z) denotes the modulation of the refractive index where ω s is the distance between two waveguides. Parameters A and ω are the modulation amplitude and frequency, respectively. Parity operatorP :x → −x andp → −p has the effect of reversing the transverse direction. Timereversal operatorT :x →x,p → −p, i → −i and z → −z, has the effect of reversing the propagation direction. Therefore, the waveguide would be PT -symmetric if V (x, z) = V * (−x, −z), where the asterisk " * " represents complex conjugation.
To demonstrate how to control PT symmetry by periodically modulating the distance between two waveguides, we simulated the two-channel coupler by directly integrating the continuous wave equation (9) . In our numerical simulation, the initial states were chosen to be the lowest Wannier modes for isolated individual waveguides, and parameter k was set to k = 1. Fixing ω s = 3.2, ω x = 0.3, µ = 0.4, ρ = 2.78, α = 1, β = 0.0252, and ω = 0.22, we simulated continuous wave equation (9) for different modulation amplitudes A. As in Ref. [38] , ω x According to the analytical analysis in Section III, if the PT symmetry of the Hamiltonian is unbroken, the light propagations are stationary oscillations, and nonstationary light propagations of the unbounded intensity oscillations appear if the PT symmetry of the Hamiltonian is broken. As an analogy, we numerically explore the light propagation in a PT -symmetric coupler under different modulation amplitudes. In Fig. 6 , the left column shows the refractive index distributions V (x, z) and the right column shows the light propagation |φ(x, z)| 2 obtained by numerically integrating continuous wave equation (9) . First, for comparison, in Figs. 6(a) and 6(b) we use the unmodulated system in the region of broken PT symmetry as a reference system. Light propagation |φ(x, z)| 2 shows nonstationary oscillations with a growing total intensity for this unmodulated waveguide (see Fig. 6(b) ). In contrast to the unmodulated case A/ω = 0, the stationary periodic oscillations of light propagation |φ(x, z)| 2 confirm the existence of PT symmetry in the modulated cases A/ω = 1.5 and A/ω = 2.4 (Figs. 6(d) and 6(f) ). Specifically, when the modulated parameter approaches the zero point of the Bessel function, light propagation |φ(x, z)| 2 demonstrates more periodic oscillations with propagation behavior that is similar to that of a modulated Hermitian coupler. This means that the unbroken PT -symmetric range can be modulated to span a wider parameter region by periodically modulating the coupling strength of the PT -symmetric optical coupler. Therefore, our simulated results are qualitatively consistent with those predicted by coupled-mode equation (1) .
V. SUMMARY
In summary, we have investigated how to control the balanced gain and loss in a PT -symmetric optical coupler by periodically modulating the coupling strength between two waveguides. Using the high-frequency Floquet method, the modulated system is effectively described by an effective averaged system whose gain and loss can be modulated by adjusting the modulation amplitude or frequency, and such an original non-Hermitian system can even be modulated into an effective Hermitian system. The spontaneous PT -symmetry-breaking transition was analytically derived and is quite consistent with the numerical simulation. It is revealed that the unbroken PT -symmetric range can be modulated to span a wider parameter region. Furthermore, we discuss the experimental possibility of observing these theoretical results. The simulated results obtained by directly integrating the continuous wave equation are qualitatively consistent with the ones predicted by the coupled-mode equation. Our results may provide a promising approach for controlling the gain and loss of a realistic system.
